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We investigate a generalized Aubry-Andre´-Harper (AAH) model with p-wave superconducting
pairing. Both the hopping amplitudes between the nearest neighboring lattice sites and the on-site
potentials in this system are modulated by a cosine function with a periodicity of 1/α. In the
incommensurate case [α = (
√
5 − 1)/2], due to the modulations on the hopping amplitudes, the
critical region of this quasiperiodic system is significantly reduced and the system becomes more
easily to be turned from extended states to localized states. In the commensurate case (α = 1/2),
we find that this model shows three different phases when we tune the system parameters: Su-
Schrieffer-Heeger (SSH)-like trivial, SSH-like topological, and Kitaev-like topological phases. The
phase diagrams and the topological quantum numbers for these phases are presented in this work.
This generalized AAH model combined with superconducting pairing provides us with a useful
testfield for studying the phase transitions from extended states to Anderson localized states and
the transitions between different topological phases.
PACS numbers: 74.20.-z, 74.78.-w, 03.65.Vf, 42.70.Qs
I. INTRODUCTION
The Aubry-Andre´-Harper (AAH) model has been ex-
tensively used as a quasiperiodic model to theoretically
study the phase transition between extended, critical and
localized phases [1–14]. With the realization of the AAH
model in photonic crystals [15–17] and ultracold atoms
[18, 19], this model has gained attention in recent years.
The abundant phenomena revealed by the AAH model
make it an ideal test field for topological phases and the
transitions between them both in the incommensurate
and commensurate cases [20–30]. When the lattice is
incommensurate, the system will go through a transi-
tion from an extended phase to a localized phase due to
the disordered on-site potential [23, 24]. If the lattice is
commensurate, the AAH model can be used to explore
emerging topological states of matter. In addition, quan-
tum many-body localization phenomena are also widely
explored in this model [31, 32]. Recently, the connection
between the AAH model, the one-dimensional Kitaev
chain [33], and topological superconductivity are investi-
gated. In Ref. [25], a generalized AAH model which has
modulations both in the on-site potentials and the hop-
ping amplitudes between the neighboring lattice sites is
discussed, and the topological states are attributed to the
topological properties of the one-dimensional Majorana
chain. This model is also connected to the Su-Schrieffer-
Heeger (SSH) [34] model when the lattice is commensu-
rate. In Ref. [14], the phase diagram of a non-Abelian
AAH model with p-wave superfluidity is discussed and
the phase transition from a metallic phase to an insulator
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phase is checked. However, most AAH models explored
before have only modulations in the on-site potential or
do not include the superconducting pairing, thus limiting
the usage of these models. If we introduce superconduct-
ing pairing into the generalized AAH models discussed in
Ref. [25], more interesting phenomena can be expected.
With p-wave superconducting pairing and modulations
in the model, there would be both SSH-like and Kitaev-
like topologically nontrivial phases, and thus so-called
electron fractionalization to the Majorana fermions can
be realized, as discussed in Ref. [35].
In this paper, we consider a generalized AAH model
with a superconducting pairing potential. Both the hop-
ping amplitudes between the nearest neighboring lattice
sites and the on-site potentials are modulated by a cosine
function which has a periodicity of 1/α. When α is ir-
rational, the lattice is incommensurate, and we find that
the system will go through a phase transition from the ex-
tended states to localized states when the disordered on-
site potential increases beyond some critical value. This
critical value as well as the critical region of the system
will be significantly reduced due to the modulation in
the hopping amplitude and thus makes the system much
easier to be localized. On the other hand, in the com-
mensurate lattice when α is rational, this model shows
different topological phases as we tune the system param-
eters. We mainly discuss the case with α = 1/2 and find
that there are three phases presented in the system: a
Su-Schrieffer-Heeger (SSH)-like trivial phase, a SSH-like
topological phase, and a Kitaev-like topological phase.
By calculating the topological numbers of the system,
we present the phase diagrams and phase boundaries for
these phases. This generalized AAH model provides us
with a useful test field for the study of phase transitions
between extended states and Anderson localized states,
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2or the transitions between different topological phases.
The rest of the paper is organized as follows. In Sec. II,
we introduce the generalized AAH model and write down
the Hamiltonian. Then we consider the incommensurate
case in Sec. III, where we will discuss the phase transi-
tion from the extended phase to the localized phase, and
especially the influences of the modulations in the hop-
ping amplitude on this transition. In Sec. IV, we check
the commensurate lattice with α = 1/2 and investigate
those different phases presented in this system. The last
section (Sec. V) is dedicated to a brief summary.
II. MODEL HAMILTONIAN
The Hamiltonian of the generalized one-dimensional
(1D) Aubry-Andre´-Harper model we consider in this pa-
per is described by the following Hamiltonian
H =
N∑
j=1
Vjc
†
jcj +
N−1∑
j=1
[−tjc†j+1cj + ∆c†j+1c†j +H.c.] (1)
where c†j (cj) is the creation (annihilation) operator at
site j, Vj = V cos(2piαj + ϕV ) is the on-site potential,
tj = t[1 + λ cos(2piαj + ϕλ)] is the hopping amplitude
between the nearest neighboring lattice sites, and ∆ is
the superconducting pairing gap which is taken to be
real. This one-dimensional chain has N sites and both
the on-site potential and the hopping amplitude are mod-
ulated by a cosine function with periodicity 1/α but with
phase factor ϕv and ϕλ , respectively. If ∆ = 0, this
model will reduce to the generalized AAH model intro-
duced in Ref. [25], which covers both the diagonal and
off-diagonal AAH model. If λ = 0, then the Hamiltonian
is the same as the 1D Kitaev chain with on-site poten-
tial modulations which are investigated in detail in Refs.
[23, 24]. It has been predicted that if α is irrational, the
Kitaev model (λ = 0, V 6= 0) or the diagonal AAH model
(λ = 0,∆ = 0, V 6= 0) will go through a localization tran-
sition where all extended states become localized as V is
increased beyond some critical value. However, if α is
rational, it is known that there is no such phase tran-
sition in these two models. For simplicity, we will set
ϕV = ϕλ = ϕ in this paper but we emphasize that all
the results obtained in this paper can also be extended
to the ϕV 6= ϕλ case.
By introducing Majorana operators cj = (γj,1 +
iγj,2)/2, the Hamiltonian could be rewritten as
H =
i
2
∑
j
{V2j−1γ2j−1,1γ2j−1,2 + V2jγ2j,1γ2j,2
+ (−t2j−1 −∆)γ2j,1γ2j−1,2 + (−t2j + ∆)γ2j,1γ2j+1,2
+ (t2j−1 −∆)γ2j,2γ2j−1,1 + (t2j + ∆)γ2j,2γ2j+1,1}.
(2)
Thus the system can be taken as two 1D Majorana chains
coupled by potential Vj and we may expect that there will
be different topological phases depending on whether or
not the Majorana fermions at the ends of the Majorana
chains are paired. The phase transition from the ex-
tended state to the localized state could also be expected
according to previous works on the quasiperiodic 1D Ki-
taev chain [23, 24]. In the following, we will discuss the
properties of this generalized AAH model both in the
incommensurate case and the commensurate case.
III. INCOMMENSURATE CASE
When α is irrational, the model system becomes
quasiperiodic. Since the model is similar to a 1D Kitaev
model with modulated on-site potentials which shows
an Anderson localization transition when V becomes
large enough [V > 2(t + ∆)], we may expect that the
same transition would also show up in our system. We
take α = (
√
5 − 1)/2 as an example, but the results
can also be generalized to other incommensurate situa-
tions. The Hamiltonian can be diagonalized by using the
Bogoliubov-de Gennes (BdG) transformation [36, 37],
η†n =
N∑
j=1
[un,jc
†
n,j + vn,jcn,j ], (3)
where un,j and vn,j are chosen to be real and n is the en-
ergy band index. Then the wave function of the Hamil-
tonian is
|Ψn〉 = η†n|0〉 =
N∑
j=1
[un,jc
†
n,j + vn,jcn,j ]|0〉. (4)
From the Schro¨dinger equationH|Ψn〉 = n|Ψn〉, we have
{−tj−1un,j−1 + ∆vn,j−1 + Vjun,j − tjun,j+1 −∆vn,j+1 = nun,j ,
−∆un,j−1 + tj−1vn,j−1 − Vjvn,j + ∆un,j+1 + tjvn,j+1 = nvn,j . (5)
By representing the wave function as
|Ψn〉 = [un,1, vn,1, un,2, vn,2, · · · , un,N , vn,N ]T , (6)
3the Hamiltonian can be written as a 2N × 2N matrix,
Hn =

A1 B 0 · · · · · · · · · C
B† A2 B 0 · · · · · · 0
0 B† A3 B 0 · · · 0
...
. . .
. . .
. . .
. . .
. . .
...
0 · · · 0 B† AN−2 B 0
0 · · · · · · 0 B† AN−1 B
C† · · · · · · · · · 0 B† AN

, (7)
where
Aj =
(
Vj 0
0 −Vj
)
, (8)
B =
(−tj −∆
∆ tj
)
, (9)
and
C =
(−tj+1 ∆
−∆ tj+1.
)
(10)
Here we have assumed a periodic boundary condition
which implies that cj+N = cj . This is legitimate when N
is large enough since the irrational number α can be ap-
proximated by rational numbers [14]. From this Hamilto-
nian, we can get un,j and vn,j and thus the wave function
of the system.
In order to investigate the phase transition of this in-
commensurate 1D chain, we need to calculate the inverse
participation ratio (IPR) which for a normalized wave
function Ψn is defined as IPR =
∑
j(u
4
n,j + v
4
n,j). The
IPR measures the inverse of the number of occupied lat-
tice sites and is a very useful quantity in characteriz-
ing the localization transitions of quasiperiodic systems.
We further define the mean inverse participation ratio
(MIPR) as MIPR = 12N
∑2N
n=1
∑N
j=1(u
4
n,j+v
4
n,j). MIPR
is close to zero for extended states of the system, how-
ever, it will tend to a finite value of O(1) for localized
states.
Figure 1 shows the variation of the MIPR as the pa-
rameter of the system changes. Throughout this paper,
we take t = 1 as the energy unit. Other parameters in
Fig. 1 are ∆ = 0.2t, ϕ = 0, and the number of lattice
sites N = 377. The solid blue dots in Fig.1(a) corre-
sponds to the usual 1D Kitaev chain with a quasiperiodic
disordered on-site potential (λ = 0, V 6= 0). The phase
transition takes place when Vc > 2(t+∆), as was reported
in earlier work [23]. There is a plateau in the MIPR be-
fore it increases sharply when λ = 0, which corresponds
to the critical phase before the system enters the local-
ized phase, which is discussed in Ref. [14]. If λ becomes
nonzero and gets stronger, as is shown in Fig. 1(a), the
critical value of the phase transition Vc is reduced and the
critical region will disappear gradually. It becomes more
(a)MIPR vs V
(b)MIPR vs λ
FIG. 1. (Color online) (a) MIPR vs V under different λ; (b)
MIPR vs λ under different V. Here we set ∆ = 0.2t, ϕ = 0,
and the number of lattice sites N = 377, which is the 14th
Fibonacci number.
significant when λ is close to the value of t, as shown
by the triangular green dots and the open purple dots in
Fig. 1(a), where the MIPR increases rapidly at a much
smaller value of V . This is understandable since as λ
increases, especially when it reaches the strength of t,
the modulation in the hopping amplitude will become in-
creasingly stronger, the coupling strength between some
lattice sites then will be weakened and the system thus
can be localized more easily and more quickly. In Fig.
1(b), we present the evolution of the MIPR as a function
of λ with different V . From this figure, we can see that
when V = 0, the MIPR will increase from zero to a finite
though small value, which means that even without the
disorders coming from the on-site potentials, the modu-
4lation in the hopping amplitude alone can also influence
the extended state of the system. When V 6= 0, it is
clear that the MIPR increases sharply when λ is close to
1 and reaches to a maximum, then drops again when λ
becomes stronger. This signifies that the system is more
likely to be localized when the hopping amplitudes are
also modulated, which is consistent with the results we
get in Fig. 1(a).
So due to the modulation in the hopping amplitude
between the nearest neighboring lattice sites, we find
that the incommensurate generalized AAH model with
p-wave superconducting pairing is easier to be localized
when tuning the disordered on-site potential. The criti-
cal value of the potential beyond which the phase transi-
tion happens is significantly reduced especially when the
modulation in the hopping amplitude is strong. These
results can also be generalized to situations with other
irrational α values.
IV. COMMENSURATE CASE
When α is rational, the lattice is commensurate. It
is well known that the system will not undergo a local-
ization transition as that in the incommensurate case.
In this section, we mainly discuss the α = 1/2 case.
The generalized AAH model with p-wave superconduct-
ing pairing in this case can be tuned between different
topological phases including the Su-Schrieffer-Heeger-like
(SSH-like) topological phase and the Kitaev-like topolog-
ical phase. When α = 1/2, the Hamiltonian in Eq. (1)
becomes
H =− V cosϕ
∑
j
(c†2j−1c2j−1 − c†2jc2j)− t
∑
j
[(1− λ cosϕ)c†2jc2j−1 + (1 + λ cosϕ)c†2j+1c2j +H.c.]
+ ∆
∑
j
(c†2jc
†
2j−1 + c
†
2j+1c
†
2j +H.c.)
=− V cosϕ
∑
j
(c†A,jcA,j − c†B,jcB,j)− t
∑
j
[(1− λ cosϕ)c†B,jcA,j + (1 + λ cosϕ)c†A,j+1cB,j +H.c.]
+ ∆
∑
j
(c†B,jc
†
A,j + c
†
A,j+1c
†
B,j +H.c.).
(11)
This Hamiltonian is very similar to the one discussed in
Ref. [35], except that here the modulations are added
to the on-site potential and the hopping amplitude by
the function λ cosϕ. It is reduced to the SSH model
when µ = ∆ = 0 and to the 1D Kitaev model when
λ = 0 except that the chemical potential is positive or
negative alternatively. Since both SSH-like and Kitaev-
like models are included in this generalized system, we
may expect that with appropriate system parameters,
different topological phases would show up. To verify
this we can check the energy spectrum of the system,
which can be reached by diagonalizing the Hamiltonian
rewritten in the Majorana fermions representation [see
Eq. (2))].
In Fig. 2, we present the spectra of the system with
an even site number (N = 100) and an odd site num-
ber (N = 101). From Fig. 2(a), we can see that there
are gapped topologically trivial regimes and nontrivial
regimes with zero energy modes. However, comparing
with Fig. 2(b), it is clear that when V becomes nonzero,
parts of the zero modes in the topologically nontrivial
regime split into two non zero energy modes, but the rest
of the zero modes remain unchanged. More interestingly,
when the site number is odd, there are also zero modes
in the trivial regime when the site number is even and
those zero modes also split when V becomes nonzero [see
Fig. 2(c) and 2(d)]. This even-odd effect in the energy
spectrum is a feature of the SSH model. The regime with
zero energy modes which will not split when V is finite is
the Kitaev topological regime. So there are three phases
in this generalized system: a SSH-like trivial phase, a
SSH-like topological phase, and a Kitaev-like topologi-
cal phase. In the SSH-like topological phase, there will
be one Dirac fermion at each end of the chain, while in
the Kitaev-like topological phase, there will be one Ma-
jorana fermion at each end of the chain. The zero energy
modes originate from the particle-hole symmetry which
has two sources: In the SSH-like phase, it is the sub-
lattice symmetry (when V = 0) while in the Kitaev-like
phase, it is the superconductivity. As the superconduct-
ing pairing strength becomes stronger, the superconduc-
tivity will dominate and there will be no SSH-like phase
in the system. Figure 3 shows the energy spectra of the
system with ∆ = 0.4t and 0.5t both in the even and odd
site number situations. When ∆ = 0.4t, there is only
a very small region which shows the even-odd effect, as
shown in Figs. 3(a) and 3(b). When ∆ becomes larger,
there are always zero modes as long as the system is in
the topological nontrivial phase [Fig. 3(c) and 3(d)]. So
the Kitaev-like phase dominates and the SSH-like phase
disappears. As the parameters change, there would be a
phenomenon of electron fractionization to the Majorana
fermions [35].
5FIG. 2. (Color online) Energy vs ϕ with different on-site
chemical potential V and different site numbers. In (a) and
(b), the site number is chosen to be even, N = 100, while
in (c) and (d), it is chosen to be odd, N = 101. Other pa-
rameters are λ = 0.4t, ∆ = 0.2t. The zero energy modes
in the gap are doubly degenerate when V is zero. However,
if V takes nonzero values, some of the zero modes split and
become nondegenerate. The regions with zero energy modes
unchanged when V is nonzero correspond to the Kitaev-like
topological phase, while those regions with zero energy modes
splitting in the finite V situation correspond to the SSH-like
topological phase.
FIG. 3. (Color online) Energy vs ϕ with different on-site
chemical potential V and different site numbers. λ is set to
be 0.4t. (a) ∆ = 0.4t, V = 0.0, N = 100; (b) ∆ = 0.4t,
V = 0.1t, N = 101; (c) ∆ = 0.5t, V = 0.0, N = 100; and (d)
∆ = 0.5t, V = 0.1t, N = 101.
To give a more intuitive picture of the different topo-
logical phases in this commensurate situation, we illus-
trate the schematic diagrams of the AAH model in Fig.
4 by setting α = 1/2 in Eq. (2). As shown by Fig. 4(a),
the AAH model can be taken as two Majorana fermion
chains which are coupled by the on-site chemical poten-
tials. The different bonding strengths between the Ma-
jorana fermions will lead to different topological phases.
When the system is in the SSH-like topological phase,
there is a fermion at each end of the one-dimensional
chain, [see Fig. 4(b)]. If the system is in the Kitaev-like
topological phase, there will be an unpaired Majorana
fermion at each end of the chain, which is shown in Fig.
4(c).
FIG. 4. (Color online) Illustrations of the AAH model and
the different topological phases in the commensurate case.
(a) The AAH model can be taken as two coupling Majorana
fermion chains according to Eq. (2) (here we set α = 1/2).
γ1 and γ2 are the Majorana fermions composing the fermionic
particle at each lattice site. The bonds with different colors
and thicknesses represent the coupling strength between the
Majorana fermions. (b) SSH-like topological phase with an
unpaired fermion at each end of the chain. (c) In the Kitaev-
like topological phase, there is an unpaired Majorana fermion
at each end of the chain.
In order to characterize these different topological
phases and determine the phase boundaries, we need to
calculate the topological numbers. First, we transform
the Hamiltonian into the momentum representation. By
defining
Ψ = [c†qA c
†
qB c−qA c−qB ]
T ,
the Hamiltonian can be written as H = 12
∑
q Ψ
†H(q)Ψ,
where
H(q) =
−V cosϕ g(q) 0 h(q)g∗(q) V cosϕ −h∗(q) 00 −h(q) V cosϕ −g(q)
h∗(q) 0 −g∗(q) −V cosϕ
 (12)
with g(q) = −t[(1−λ cosϕ)+(1+λ cosϕ)e−iq] and h(q) =
−∆(1 − e−iq). After diagonalizing H(q) the eigenvalues
can be obtained as
E2(q) = (V cosϕ)2 + |g(q)|2 + |h(q)|2
± 2
√
(V cosϕ)2|h(q)|2 + 4∆2t2(λ cosϕ)2(cos q − 1)2.
(13)
6Thus we have
E(0) =±
√
(V cosϕ)2 + 4t2,
E(
pi
2
) =(
√
(V cosϕ)2 + 2t2(λ cosϕ)2 ±
√
2∆)2 + 2t2,
E(pi) =±
√
(V cosϕ)2 + 4t2(λ cosϕ)2 ± 2∆.
(14)
The gap will close at q = pi when (V cosϕ)2 = 4[∆2 −
t2(λ cosϕ)2]. For ∆ = 0, the spectrum is reduced to
E(q) =
±
√
V 2 cos2 ϕ+ 2t2[1 + λ2 cos2 ϕ+ (1− λ2 cos2 ϕ) cos q]
(15)
which is similar to the SSH model spectrum. If λ = 0,
then the spectrum is reduced to
E(q) = ±
√
(V cosϕ± 2∆ sin q
2
)2 + 4t2 cos2
q
2
, (16)
which is similar to the Kitaev model spectrum. The
difference here is that the system is topological for
|V cosϕ| < 2|∆| and trivial for |V cosϕ| > 2|∆|.
However, the spectrum for a usual Kitaev model is
E(q) = ±
√
(2t cos q2 − µ)2 + 4∆2 sin2 q2 , where the sys-
tem is topological for |µ| < 2t and trivial for |µ| > 2t.
In order to make further investigations about the topo-
logical phases of the commensurate lattice, we need to
check the topological quantum numbers of the system
with different parameters.
Following the discussions in Ref. [35], we find that the
topological class of our model is also BDI and we can
characterize our system by the Z index. Now we calcu-
late the topological numbers of the system. Firstly, we
consider the sublattice symmetric case (V = 0) whose
topological number can be calculated as (check the Ap-
pendix for details)
N1 = Θ(tλ cosϕ−∆) + Θ(tλ cosϕ+ ∆) (17)
with Θ(x) being the step function. Figure 5(a) illus-
trates the phase diagram of the system according the
value of topological number N1. There are three phases:
(i) When |∆| < tλ| cosϕ|, cosϕ < 0, N1 = 0, the system
is in the SSH-like trivial phase; (ii) when |∆| < tλ| cosϕ|,
cosϕ > 0, N1 = 2, the system is in the SSH-like topolog-
ical phase; (iii) when |∆| > tλ| cosϕ|, N1 = 1, the system
is in the Kitaev-like topological phase. As shown in this
figure, when |∆| > λ (here λ = 0.4t), the system will be
totally in the Kitaev-like topological phase, which is con-
sistent with the numerical results for the energy spectra
we presented in Fig. 3. The topological number N1 can
be interpreted as the number of Majorana fermion pairs
at the ends of the chain. So when N1 = 2, there will be
two Majorana fermions at each end of the chain which
will pair up with each other and become a Dirac fermion,
which is the feature of the SSH model. If N1 = 1, there
FIG. 5. (Color online) (a) Phase diagram of the system in the
V = 0 case; (b) phase boundary of the system in the V 6= 0
case; (c) and (d) show the cross sections of (b) at V = 0.1t
and V = 0.5t, respectively. The numbers in the figures denote
the topological number N1 or N2. Here λ is also set to be 0.4t.
will be one single unpaired Majorana fermion at each end
of the chain, so the system is in the Kitaev-like topolog-
ical phase.
Next we check the V 6= 0 case. Using similar tech-
niques, the topological number N2 for this sublattice
asymmetric case is (see the Appendix)
N2 = −
∫ pi
−pi
dq
2pii
∂q lnZ(q), (18)
where
Z(q) =DetM2(q) = (V cosϕ)
2 + (g − h)(g∗ + h∗)
=(V cosϕ)2 + 2[t2(1 + λ2 cos2 ϕ)−∆2]
+ 2[t2(1− λ2 cos2 ϕ) + ∆2] cos q − 4it∆ sin q.
(19)
Here, N2 is the winding number of Z(q), and is deter-
mined by the cross points of the real axis at q = 0 and
pi. When ∆ > 0, we have
Z(0)Z(pi) < 0⇒ N2 = 1,
Z(0)Z(pi) > 0⇒ N2 = 0, (20)
with
Z(0) =(V cosϕ)2 + 4t2,
Z(pi) =(V cosϕ)2 + 4(t2λ2 cos2 ϕ−∆2). (21)
When ∆ < 0, we have N2 = −1 in the topological
regime but it is equivalent to the N2 = 1 phase. In
Figs. 5(b) - Fig. 5(d), we present the phase diagrams
of the system according to the topological number N2.
There are two phases when V 6= 0: N2 = ±1 is the
Kitaev-like topological phase, and N2 = 0 is the trivial
7phase. The phase boundary between these two phases is
(V cosϕ)2 = 4[∆2−t2(λ cosϕ)2], which is the gap closing
condition we got earlier [see Eq. (14)].
So, by checking the energy spectra and the topological
numbers of the commensurate AAH model, we can com-
pletely describe the phases of the system. In addition,
we can also tune the system into different topological
phases by changing the system parameters such as the
superconducting pairing amplitude and the modulation
of the hopping amplitude, etc.
V. SUMMARY
In this paper, we have investigated a generalized
Aubry-Andre´-Harper model with superconducting pair-
ing both in the incommensurate and commensurate case.
Due to the modulations in the hopping amplitude and the
on-site potential, this model shows aboundant physical
phenomena as we tune the system parameters. When the
lattice is incommensurate [α = (
√
5 − 1)/2], the system
shows a phase transition from extended states to local-
ized states when the disordered potential becomes larger
than some critical value. This critical value as well as the
critical region will be reduced due to the modulation in
the hopping amplitude especially when this modulation
become strong. On the other hand, in the commensu-
rate lattice case (α = 1/2), the system presents three
different phases in different parameter regimes: a SSH-
like trivial phase, a SSH-like topological phase, and a
Kitaev-like topological phase. The topological numbers
and the phase diagram are illustrated in this work. This
generalized AAH model combined with superconducting
pairing unifies those different phases and can provide an
ideal test field for different kinds of phenomena. All these
results can be generalized to discuss other cases with dif-
ferent α values, both rational and irrational.
As proposed in Ref. [25] (see the Supplemental Mate-
rial there), a generalized AAH model with modulations
in the hopping amplitude could be realized in cold atom
systems. The generalized Aubry-Andre´-Harper model we
propose here, though more complicated, might also be
realized in cold atom optical lattices [18, 38], or semicon-
ductor structures [39, 40] in the future. This generalized
AAH model may also have potential applications in un-
derstanding the topological properties of other similar
systems, as discussed in Refs. [41, 42].
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APPENDIX
In this Appendix, we investigate the topological class
and calculate the topological numbers of the system.
This part is mainly following the discussions in Ref.
[35]. Our model is time-reversal symmetric, TH(q)T−1 =
H(−k), since the coefficients V , t, λ and ∆ are all real.
The time-reversal operator is defined as T = K, which
takes the complex conjugate. When V = 0, the sys-
tem has sublattice symmetry. The operator for sublattice
symmetry is defined by
C1 = σz =
1 0 0 00 −1 0 00 0 1 0
0 0 0 −1
 , (A.1)
where σz is the Pauli matrix acting on the sublattice de-
gree of freedom. It can be shown that C1H(q)C−11 =
−H(q). Since we have T 2 = 1 and C21 = 1, the topologi-
cal class of the system is BDI.
If V 6= 0, the system will no longer have sublattice
symmetry anymore. However, due to the superconduct-
ing pairing, particle-hole symmetry can still be guaran-
teed. The particle-hole operator is defined by P = τxK,
with τx being the Pauli matrix acting on the particle-hole
space. The Hamiltonian satisfies PH(q)P−1 = −H(−q).
We can introduce the chiral operator as
C2 = TP = τx =
0 0 1 00 0 0 11 0 0 0
0 1 0 0
 . (A.2)
Then we have C2H(q)C−12 = −H(q) and C22 = 1, so the
topological class is still BDI. The 1D system in the BDI
class is characterized by the Z index.
Now we calculate the topological numbers of the sys-
tem. Firstly, we consider the sublattice symmetric case
(V = 0) whose topological number is defined as
N1 = Tr
∫ pi
−pi
dq
4pii
C1g
−1∂qg, (A.3)
where g(q) = −H−1(q) is the Green’s function at zero
energy. N1 is equivalent to the chiral index. After intro-
ducing a unitary transformation
U1 =
1 0 0 00 0 1 00 1 0 0
0 0 0 1
 , (A.4)
we have
U1C1U
†
1 = τz, U1HU†1 =
(
0 M1
M†1 0
)
, (A.5)
8with
M1 =
(
g h
−h −g
)
. (A.6)
where g(q) and h(q) are defined earlier. Then the chiral
index is given by
N1 =− Tr
∫ pi
−pi
dq
2pii
M−11 ∂qM1
=−
∫ pi
−pi
dq
2pii
∂q lnDet[M1]
=−
∫ pi
−pi
dq
2pii
∂q ln[(h− g)(h+ g)]
(A.7)
with
h− g =[t(1− λ cosϕ)−∆] + [t(1 + λ cosϕ) + ∆]e−iq,
h+ g =[−t(1− λ cosϕ)−∆]− [t(1 + λ cosϕ)−∆]e−iq.
(A.8)
So the topological number N1 is
N1 = Θ(tλ cosϕ−∆) + Θ(tλ cosϕ+ ∆) (A.9)
with Θ(x) being the step function.
Next we check the V 6= 0 case. The topological number
N2 associated with the chiral operator C2 is
N2 = Tr
∫ pi
−pi
dq
4pii
C2g
−1∂qg. (A.10)
Considering a unitary transformation
U2 =
1√
2
 1 0 1 00 1 0 1−i 0 i 0
0 −i 0 i
 , (A.11)
which corresponds to the Majorana fermion representa-
tion
cj =
1
2
(γj,1 + iγj,2), c
†
j =
1
2
(γj,1 − iγj,2). (A.12)
It is easy to check that
U2C2U
†
2 = τz, U2HU†2 =
(
0 M2
M†2 0
)
, (A.13)
with
M2 =
(−iV cosϕ i(g − h)
i(g∗ + h∗) iV cosϕ
)
. (A.14)
Thus we have
N2 = −Tr
∫ pi
−pi
dq
2pii
M−12 ∂qM2 = −
∫ pi
−pi
dq
2pii
∂q lnZ(q),
(A.15)
where
Z(q) =DetM2(q) = (V cosϕ)
2 + (g − h)(g∗ + h∗)
=(V cosϕ)2 + 2[t2(1 + λ2 cos2 ϕ)−∆2]
+ 2[t2(1− λ2 cos2 ϕ) + ∆2] cos q − 4it∆ sin q.
(A.16)
N2 is the winding number of Z(q), and is determined by
the cross points of the real axis at q = 0 and pi. For
∆ > 0, we find
Z(0)Z(pi) < 0⇒ N2 = 1,
Z(0)Z(pi) > 0⇒ N2 = 0, (A.17)
with
Z(0) =(V cosϕ)2 + 4t2,
Z(pi) =(V cosϕ)2 + 4(t2λ2 cos2 ϕ−∆2). (A.18)
For ∆ < 0, we have N2 = −1 in the topological regime
but it is equivalent to the N2 = 1 phase.
[1] P. G. Harper, Proc. Phys. Soc. London, Sect. A 68, 874
(1955).
[2] S. Aubry and G. Andre´, Ann. Isr. Phys. Soc. 3, 133
(1980).
[3] H. Hiramoto and M. Kohmoto, Int. J. Mod. Phys. B 06,
281 (1992).
[4] S. Ostlund, R. Pandit, D. Rand, H. J. Schellnhuber, and
E. D. Siggia, Phys. Rev. Lett. 50, 1873 (1983).
[5] M. Kohmoto, Phys. Rev. Lett. 51, 1198 (1983).
[6] M. Kohmoto, L. P. Kadanoff, and C. Tang, Phys. Rev.
Lett. 50, 1870 (1983).
[7] D. J. Thouless, Phys. Rev. B 28, 4272 (1983).
[8] H. Hiramoto and M. Kohmoto, Phys. Rev. B 40, 8225
(1989).
[9] T. Geisel, R. Ketzmerick, and G. Petschel, Phys. Rev.
Lett. 66, 1651 (1991).
[10] J. H. Han, D. J. Thouless, H. Hiramoto, and M.
Kohmoto, Phys. Rev. B 50, 11365 (1994).
[11] I. Chang, K. Ikezawa, and M. Kohmoto, Phys. Rev. B
55, 12971 (1997).
[12] Y. Takada, K. Ino, and M. Yamanaka, Phys. Rev. E 70,
066203 (2004).
[13] F. Liu, S. Ghosh, and Y. D. Chong, Phys. Rev. B 91,
014108 (2015).
[14] J. Wang, X.-J. Liu, G. Xianlong and H. Hu, Phys. Rev.
B 93, 104504 (2016).
[15] L. Dal Negro, C. J. Oton, Z. Gaburro, L. Pavesi, P. John-
son, A. Lagendijk, R. Righini, M. Colocci, and D. S.
Wiersma, Phys. Rev. Lett. 90, 055501 (2003).
[16] Y. Lahini, R. Pugatch, F. Pozzi, M. Sorel, R. Morandotti,
9N.Davidson, and Y. Silberberg, Phys. Rev. Lett. 103,
013901 (2009).
[17] Y. E. Kraus, Y. Lahini, Z. Ringel, M. Verbin, and O.
Zilberberg, Phys. Rev. Lett. 109, 106402 (2012).
[18] G. Roati, C. D’Errico, L. Fallani, M. Fattori, C. Fort, M.
Zaccanti, G. Modugno, M. Modugno, and M. Inguscio,
Nature (London) 453, 895 (2008).
[19] G. Modugno, Rep. Prog. Phys. 73, 102401 (2010).
[20] Y. E. Kraus and O. Zilberberg, Phys. Rev. Lett. 109,
116404 (2012).
[21] L.-J. Lang and S. Chen, Phys. Rev. B 86, 205135 (2012).
[22] L.-J. Lang, X. Cai, and S. Chen, Phys. Rev. Lett. 108,
220401 (2012).
[23] X. Cai, L.-J. Lang, S. Chen, and Y. Wang, Phys. Rev.
Lett. 110, 176403 (2013).
[24] W. DeGottardi, D. Sen, and S. Vishveshwara, Phys. Rev.
Lett. 110, 146404 (2013).
[25] S. Ganeshan, K. Sun, and S. Das Sarma, Phys. Rev. Lett.
110, 180403 (2013).
[26] I. I. Satija and G. G. Naumis, Phys. Rev. B 88, 054204
(2013).
[27] R. Barnett, Phys. Rev. A 88, 063631 (2013).
[28] X. Deng and L. Santos, Phys. Rev. A 89, 033632 (2014).
[29] F. Grusdt, M. Honing, and M. Fleischhauer, Phys. Rev.
Lett. 110, 260405 (2013).
[30] S.-L. Zhu, Z.-D. Wang, Y.-H. Chan, and L.-M. Duan,
Phys. Rev. Lett. 110, 075303 (2013).
[31] S. Iyer, V. Oganesyan, G. Refael, and D. A. Huse,Phys.
Rev. B 87, 134202 (2013).
[32] M. Schreiber, S. S. Hodgman, P. Bordia, H. P. L uschen,
M. H. Fischer, R. Vosk, E. Altman, U. Schneider, and I.
Bloch,Science 349, 842 (2015).
[33] A. Y. Kitaev, Phys. Usp. 44, 131 (2001).
[34] W. P. Su, J. R. Schrieffer, and A. J. Heeger, Phys. Rev.
Lett. 42, 1698 (1979).
[35] R. Wakatsuki, M. Ezawa, Y. Tanaka, and N. Nagaosa,
Phys. Rev. B 90, 014505 (2014).
[36] P. G. de Gnnes, Superconductivity of Metals and Alloys
(Benjamin, New York, 1966).
[37] E. Lieb, T. Schultz, and D. Mattis, Ann. Phys. (N.Y.)
16, 407 (1961).
[38] J. Billy, V. Josse, Z. Zuo, A. Bernard, B. Hambrecht, P.
Lugan, D. Cle´ment, L. Sanchez-Palencia, P. Bouyer, and
A. Aspect, Nature (London) 453, 891 (2008).
[39] S. Das Sarma, A. Kobayashi, and R. E. Prange, Phys.
Rev. Lett. 56, 1280 (1986).
[40] R. Merlin, K. Bajema, R. Clarke, F. Y. Juang, and P. K.
Bhattacharya, Phys. Rev. Lett. 55, 1768 (1985).
[41] Y. Li, Phys. Rev. B 91,195133 (2015).
[42] S. Ganeshan and S. Das Sarma, Phys. Rev. B 91,125438
(2015).
